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O cpaBHeHHH HHTerpajiOB ^ap6y h PHMaHa b 
KOHCTpyKTHBHOM MaieMaTHHecKOM aHajiirae 

A. A. BjiaflHMHpoB 

0^ ■ AHHOTAHHJ3. B CTaTbe ycTaHaBJinBaeTca, hto 3KBHBa.neHTHbie c to^kh 3peHira „KJiaccHHe- 

' ckoh" MaTeMaTHKH onpe^ejieHHH HHTerpajia (pyHKiniii o,a,Horo BemecTBeHHoro apryMeHTa no 

,Hap6y n no PnMaHy b paMKax KOHCTpyKTHBHoro MaTeMaTnnecKoro aHajin3a A. A. MapKOBa 
OKa3biBaiOTCfl cymecTBeHHO pa3JinnHbiMH. 
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*0 ! § 1. BBe^eHHe 

1. B paMKaX „KJiaCCHHeCKOH" TeOpeTHKO-MHO)KeCTBeHHOH MaTeMaTHKH H3B6CTHO flBa oc- 

hobhmx cnoco6a onpe^ejieHHa o,u;HOMepHoro HHTerpajia PnMaHa: b KanecTBe npe^ejia hh- 
TerpajibHbix cyMM npn HCHe3HOBeHHH H3MejibHeHHOCTH flpo6jieHHa (noflxofl PnMaHa), h b 
KanecTBe npoMe:s<yTOHHoro 3HaneHHH MHOxecTB HHTerpajiOB ojieMeHTapHO HHTerpnpye- 
mmx» (pyHKH,HH, OH,eHHBaiom;Hx paccMaTpHBaeMyio (no,zrxo,zi, ,Hap6y). C tohkh 3peHHH „Kjiac- 
CHHecKon" MaTeMaTHKH yKa3aHHbie ,zrBa no^xo^a npHBO^aT k paBHOo6T.eMHbiM hohhthhm. 
OcHOBHaa u,ejib HacTOHmeii CTaTbH 3aKjnoHaeTca b nocTpoeHHH npnMepa Bcio^y Ha OTpe3Ke 
■ [0, 1] 3a^aHHOH (pyHKH^HH, HHTerpnpyeMOH no PnMaHy, ho He HHTerpnpyeMOH no ,Hap6y, c 

tohkh 3peHHH KOHCTpyKTHBHoro MaTeMaTHnecKoro aHajiH3a. 

B flajibHeiiHieM mm Bcer^a, He oroBapHBaa SToro oco6o, 6yn;eM hcxo^htb h3 KOHCTpyKTHB- 
Horo noHHMaHHH MaTeMaTHnecKHx cyacfleHHH, KaK oho ^aeTCH CTyneHHaToii ceMaHTHnecKoii 
CHCTeMofi A. A. MapKOBa pQ, [2]. 
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2. KoHCTpyKTHBHbiH BapnaHT onpe,a,ejieHHfl PnMaHa paccMaTpHBajica Heo^HOKpaTHO n b 

HaCTOHH],ee BpeMH MO>KeT CHHTaTbCH CTaHflapTHMM (3} Pjl. 7, § 1]. KoHCTpyKTHBHyK) HHTe- 

rpnpyeMOCTb no ,Hap6y mm bbo^hm cjie^yiomnM o6pa30M: 

2.1. <PyHKyuH f : [0, 1] — > R Ha3ueaemCH unmezpupyeMou no J\ap6y, ecAU 3am ak>6oso 
eev^ecmeeHHOzo hucacl e > ocyu^ecmeuMU dee noAuzonajibHue fyywKuuu f* u /J, ydoeAe- 
meopttiomue coomHomeHusiM 

(VxG[0,l]) 

l 



J (fl ~ I 



:J <e. 



3flecb n ^ajiee (pyHKirnio / : [0, 1] — > R mm Ha3MBaeM noAmonaAbHou (cp. (3} Tji. 5, 
§ 1, Onpe^ejieHne 7], [4l § 1]), ecjin ocymecTBHMM cnncoK {qic}™^ pairHOHajibHbix nnceji 
n ynopH^oneHHbin no B03pacTaHnio cnncoK {pfc}£l nonapHO pa3JinnHbix pairHOHajibHbix 
ToneK OTpe3Ka [0,1], y^OBJieTBopaioiHHe cooTHOineHHHM po = 0, p m = 1 h 

(V* E N : 1 < * < m) (V* 6 [^.p*]) /(,) = * - <E - K "'> + - (Pt - *X 

Pk - Pk-1 



riofl nojimoHdAbHUM unmespaAOM TaKoii (pyHKipm, KaK oGmhho p$l Tji. 8, § 2, Onpe^ejie- 
Hiie 6], § 1], noHHMaeTca BejiHHrma 

l m 

(gfc + gfc_i) ■ (p k - 

2 

o 

HHCJieHHO coBna^aiomaa c HHTerpajiOM PiiiviaHa. 

§ 2. BcnoMoraTejibHtie yTBep^^eHHa 

1. OneBH^HbiM o6pa30M HMeeT MecTO cjie,a,yioiiniH (paKT: 

1.1. Ilycmb tfiyHKHUH f : [0, 1] — ► R unmespupyeMa no JJap6y. Tozda djm aw6o20 pawii- 
onaAbHoso hucao, e > ocymecmeuMU pav^uonaAtHoe hucao 5 > u Heompui^ameAbHaM 
noAuzonaA-bHasi gjyHKi^usi g, ydoeAemeopHtou^ue coomHomenuHM 

i 

j 9 < 1/2, 
o 

(Wx,ye [0,1] : swp(g(x), g{y)) < 1, < 5) - < e. 




2. Cjie^yromee yTBepjK^eHne npe^CTaBjiaeT coSoh ya,o6Hbiii rjik Hanrax ^ajibHeiiniHx uejieii 
aHajior n3BecTHoii (3] Tji. 8, § 1, TeopeMa 2], [H TeopeMa 2.1] TeopeMbi o CHHryjiapHbix 
noKpbiTHflx. Oho mojkct TaKxce 6biTb paccMOTpeHO b KaHecTBe BapiiaHTa KOHCTpyKTHBHoro 
onpoBepjKeHHa [5J, 3aMenaHHe 2] TeopeMbi JleSera o MajKopiipyeMoft cxo^hmocth. 

2.1. Ocyui,ecmeuMa Hey6ueawva i asi nocAedoeameAbHocmb {h n }^L Heompui^ameAbHUX no- 
AmoHaAbHux ajyuni^uu, ydoeAemeopnmmafi coomHomeHUHM 

(1) (Vare[0,l]) \m\h n {x) = 2 1 



n^oo 



(2) (Vn 6 N) y < 1/2. 

o 

,HoKa3aTejibCTBO. 3a(piiKCiipyeM [3} Tji. 8, § 1, TeopeMa 2] HaKpbiBaioiiryio OTpe30K 
[0, 1] nocjieflOBaTejibHOCTb {(cin;&n)}^Lo nenycTbix HHTepBajiOB c pauiiOHajibHbiMii kohhcimh, 
yflOBJieTBopaiomyio cooTHOineHHio 

n 

(3) (Vn G N) ^(6 fc - a k ) < 1/6. 

fc=0 

BBe^eM b paccMOTpeHiie nocjie^OBaTejibHOCTb {<^n}^o nojiriroHajibHbix (pyHKiniii Bn,a,a 

/ / |2r — h — a 

(4) (Vn e N) (Vac e [0, 1]) (p n (x) = inf 1, sup 0, 2 - 



6 n o, n 

a TaKJKe HeyGbraaioiiryio nocjieflOBaTejibHOCTb {/i n }^L HeoTpimaTejibHbix nojinroHajibHbix 
(pyHKipift, peKyppeHTHO 3aflaHHyio cooTHOineHiiaMH 

(5) (Vx G [0, 1]) h Q (x) = 0, 



(6) (Vra G N) (Vx G [0, 1]) h n+1 (x) = sup(^(x), 2<p n (x)). 

Tor^a npH jiioSom Bbi6ope HH^eKca n G N BbinojiHaiOTca HepaBGHCTBa 



1 „ 1 



k=0 

n 

^^3-(6 fc -a fc ) [(H) 

k=0 

< 1/2. [© 
KpoMe Toro, BbinojiHaeTca cooTHoniGHiie 

(Vn G N) (Vac G [0, 1]) /i„(x) < 2, 

oo 

a TaK>Ke o6ycjiOBjieHHoe BjioxceHHeM [0, 1] C (J (a„, 6„) cooTHonieHiie 

n=0 

(Vx G [0, 1]) (3n G N) /i„.+i(x) ^ 2. 

TeM caMbiM, (pyHKn,HOHajibHafl nocjie^OBaTejibHOCTb {h n }^ =0 y^OBjieTBopaeT bcgm npe^HB- 
jieHHbiM b (popMyjiHpoBKe ^,OKa3biBaeMoro yTBep>K^eHHH Tpe6oBaHHHM. □ 

3. IlpOH3BOJIbHO (pHKCIipOBaHHblM IIOJIHrOHajIbHOH (pyHKUllH / H BemeCTBeHHOMy HHCJiy 

e > mojkho conocTaBHTb [6j § 11.2.2] cpyHKipiio u(f,e) : [0, 1] — > R BH^a 
(VxG[0,l]) [u{f,e)](x)= sup |/(t)_/( a )|. 

t,sE[x— e,a;+e]n[0,l] 

OneBHAHbiM o6pa30M HMeiOT MecTO cjieflyromiie flBa (paKTa: 

3.1. Ilycmb danu noAuzonaAbHan g^yHKi^uji f u eeu^ecmeeHHoe hucao e > 0. Tosda g^yHKi^uM 
u(f,e) : [0, 1] — > M nejiHemcsi paeuoMepuo uenpepuenou. 

3.2. Ilycmb danu noAuzouaAbHan (fiyuKU.UH, eeu^ecmeeuHoe hucao e > 0, a maKotce umc- 
wxufic ue npeeocxodHU^yw e u3MeAbu&HH0cmb uumezpaAbHoe dpo6Aeuue r ompe3Ka [0,1]. 
Tosda omeenatou^ee dpo6AeHuto r 3HaneHue I(f, r) uumespaAbHou cyMMU (pyuKv^uu f ydo- 
eAemeopaem coomHoiuenuw 



i 



I(f,r)~ Jf^J ">(/,e). 



o 



i 



o 



TaKJKe HMeiOT MecTO cjieflyiomiie flBa cpaKTa: 

3.3. Ilycmb {fn}^Lo ~ nocAedoeameAbuocmb noAusonaAbnux cjjyuKuiiu, nomoueHHO cxodn- 
mattCM k HCKomopou $yHKU,uu f : [0, 1] — > E. Ilycmb manatee 3am ak>6oso eev^ecmeeHHOzo 
hucacl e > ocyvj,ecmeuMO eeu^ecmeeuHoe hucao 5 > 0, ydoeAemeopstwmfie coomnouieHUK) 

i 

(Vn G N) [u(f n ,8)<e. 



o 

Tosda (pyuKi^UH f uumezpupyeMa no PuMany. 
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,I[oKa3aTejibCTBO. 3acpnKcnpyeM npoH3BOJibHoe BemecTBeimoe hhcjio £ > 0, a TaK- 
me BemecTBeHHoe hhcjio 5 > 0, yijOBjieTBopaioinee cooTHomeHiiio 

i 

(1) (VnGN) Ju(f n ,8)<e/3. 

Q 

Tor^a fljia Jiio6bix ^Byx HHTerpajibHbix flpoSjieHHH r h cr OTpe3Ka [0, 1], HMeionnix ae npe- 
Bocxo^anryio 5 HSMejib^eHHOCTb, 6yn,yT BbinojiHaTbca cooTHonieHaa 

\I(f,T)-I{f,a)\= lim \I(f n ,r)-I(f n ,a)\ 

n— >oo 

^ 2^/3 [321 ©] 

< e. 

HHTerpiipyeMOCTb cpyHKinia / no PaMaHy BbiTexaeT Tenepb H3 npoH3BOJibHOCTH Bbi6opa 
Bem,ecTBeHHoro aacna e > a KpaTepaa Koibh. □ 

3.4. IJycmb a > 0, (3 > u ( G (0, 1) — pai^uonaAbHue uucacl, u nycmb noAmoHajibuasi 
(fiyHKUAiH f UMeem eud 

jx-cr 
/? 

To2(?a npu ak>6om eu6ope pavAkouaAbuozo uucacl e > eunoAHHemcn coorrmouieHue 

i 

(2) /a;(/,e)<8ae. 



(Vz G [0, 1]) /(x) = a ■ sup 0, 1 - 



/IoKa3aTejibCTBO. SaivieTiiM, hto Bcer^a BbinojiHaeTca o^ho h3 HepaBeHCTB e < (3 
hjih s ^ (3. 

B nepBOM cnyaae cpyHKuaa / aBJiaeTca jianniaueBoii c K03(p(pan;HeHTOM a//3, a noTO- 
My cpyHKuaa u(f,e) Ma^KopapyeTca nocToaHHoft 2ae/(3. Kpoivie Toro, yKasairaaa cpyHKuaa 
o6pani,aeTCfl b Hyjib BHe OTpe3Ka [( — 2(3, ( + 2(3]. Teu caMbiM, HepaBeHCTBO BbiaojiaaeTca. 

Bo btopom anyaae cpyaKuaa u(f,s) MaacopapyeTca aocToaaaoii a h o6pamaeTca b Hyjib 
BHe OTpe3Ka [( — 2e, ( + 2e\. TeM caMbiM, HepaBeHCTBO (J2j) TaKace BbiaojiaaeTca. □ 

§ 3. IlocTpoeHHe npniviepa 



1. Ha apoTaateaaa aacToamero aaparpacpa mm 6ya,eM caaTaTb, hto HaTypajibHbie h pauao- 
HajibHbie aacjia npe^CTaBjiaioT coSoii cjiOBa b TpexSyKBeaaoM ajicpaBHTe {|, — , /} [7, § 1.6], a 
ciihckh pan,HOHajibHbix aaceji aBjiaiOTca *-cacTeMaMa [3, § 24]. IlocKOJibKy juoSoe KoacTpyK- 
THBHoe OToGpajKeHiie MHoacecTBa HaTypajibHbix aaceji b mhojkcctbo *-cacTeM pauaoHajib- 
hmx Huceji MOJKeT 6biTb 3a^aHO nocpeflCTBOM HopiviajibHoro ajiropacpMa b niecTii6yKBeHHOM 
ajicpaBHTe {|, —,/,*, a, b} [7], § 41.7.1], to b ^ajibHeanieM mm 6yn;eM orpaHaaaBaTbca pac- 
CMOTpeHueM HMeHHO TaKux ajiropucpMOB. 

2. 3a(pHKcnpyeM HeKOTopyio HyMepauaio {2l n }^L HopMajibHbix ajiropu(pMOB yKa3aHHoro b 
npe^M^ymeM nyHKTe BH^a. PaccMOTpuM CBa3aHHoe c btoh HyMepauaefi MHoacecTBO HH^eK- 
cob N, fljia KOTopbix apouecc apaMeaeaaa ajiropacpMa 21 at k cjiOBy N ocTaaaBjiaBaeTca c 
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pe3yjibTaT0M BH^a 

(1) *5*po*q * 
r^e S — nojiojKHTejibHoe paHHOHajibHoe hhcjio, a ciihckh paHHOHajibHbix Hnceji {pk}k=o 



felfclo onpeflejiaiOT |§ 1||2] HeKOTopyio HeoTpnHaTejibHyio nojinroHajibHyio (pyHKHino g co 

CBOHCTBOM 

i 

(2) jg < 1/2. 



yKa3aHHoe MHO»cecTBO HH^eKCOB c oneBH^HOCTbio aBJiaeTca SecKOHenHbiM h nojiypa3peniH- 
mmm, a noTOMy ^onycKaeT nepenHCJieHHe 6e3 noBTopeHHii HeKOTopbiM nojiHbiM apiKpMe™- 
hcckhm ajiropH(pMOM /i : N — > N. 

IlocjieflOBaTejibHOCTb paipiOHajibHbix Hnceji 5 H3 npe^CTaBjieHHH (jT]) pe3yjibTaTOB npn- 
MeHeHHH ajiropH(pMOB 2l^( n ) k cjiOBaM /u(n) mm Ha npoTa>KeHnn HacToamero naparpacpa 
6yn;eM o6o3HanaTb b BH^e {5„}^L . IlocjieflOBaTejibHOCTb cooTBeTCTByioiHHx nojinroHajib- 
hmx cpyHKi^HH mm 6yfleM o6o3HaHaTb b BH^e {g n }$?Lo- Kpoivie Toro, mm 6yn;eM npe^nojiaraTb 
3acpHKCiipoBaHHOH HeyGbiBaioiiryio nocjie^OBaTejibHOCTb {h n }^ =0 HeoTpHHaTejibHbix nojinro- 

HajIbHMX (pyHKHHH H3 yTBepacfleHHH § 2 12.11 



3. Hmciot MecTO cjie,a,yioiinie TpH cpaKTa: 

3.1. OcymecmeuMU eoapacmatou^aH nocAedoeameAbHocmb v : N — > N, a manofce noa/ie- 
doeameAbHocmb {( n }^L pai^uonaAbHux moneK unmepeajia (0, 1) u nocAedoeameAbHocmb 
{(3 n }%L noAocucumeAbHux pai^uonaAbHux uuceA, ydoeAemeopHtou^ue coomHomeHUHM 

(1) (Vn G N) /3 n <inf(5 n , Cn, 1-Cn), 

(2) (VnGN)(VxG [Cn-/3n,Cn + /3n]) [#n + K {n )\ (x) < 1 < K {n+l) (x) . 



^OKa3aTejibCTBO. IIojicokhm z/(0) ^ 0. IIocTpoeHHe 3HaneHHH ( n , (3 n h vin + 1) Ha 
ocHOBe H3BecTHoro 3HaneHHH v{n) McoiceT Tenepb SbiTb npoH3BefleHO cneflyiomHM o6pa30M. 
B KanecTBe ( n Bbi6epeM npoH3BOJibHyio paHHOHajibHyio TOHKy HHTepBajia (0, 1), ynoBJieTBO- 
paiomyio HepaBeHCTBy [g n + /ii/( n )](Cn) < 1- OcymecTBHMOCTb TaKofi tohkh rapaHTHpoBaHa 

COOTHOHieHHHMH 

1 

J{9n + K(n)) < 1/2 + 1/2 [2I©,Q21©] 



= 1. 

B KanecTBe u(n + 1) Bbi6epeM npoH3BOJibHoe HaTypajibHoe hhcjio, yijOBjieTBopaiomee Hepa- 
BeHCTBy h v ( n +i)(Gn) > 1- OcymecTBHMOCTb TaKoro HHCJia rapaHTHpoBaHa cooTHonieHHeM 
§_2[2]([T]). B KanecTBe (3 n Tenepb ocTaerca Bbi6paTb npoH3BOJibHoe nojiojKHTejibHoe paini- 
OHajibHoe hhcjio, HbH MajiocTb 6yn;eT ^ocTaTOHHa ,n;jia BbinojiHeHHH cooTHOineHHH (pQ) h 
©. □ 

3.2. IJycmb {f n }^Lo — nocAedoeameAbHocmb noAusonaAbHux $yHKU,uu euda 



(3) (Vn G N) (Var G [0, 1]) f n (x) = ■ sup ( 0, 1 
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sde {( n }^ =0 u {/3 n } ( £ =0 —Hucjioeue noc/iedoeamejibHocmu U3 ymeepwcdeHUH fXIl Tosda ocy- 
mficmeuMa u unmezpupyeMa no PuMany (pyHKyuH f : [0, 1] — > M, ydoe/iemeopHmu^aH coom- 
HomenuK) 



(VxG[0,l]) /(*) =£>(*). 



fc=0 

/IoKa3aTejibCTBO. SacpnKcnpyeivi npoH3BOJibHyio Tonicy x G [0, 1], a TaK»ce HOMep 
n G N, y^OBjieTBopaiomHH HepaBeHCTBy h v ( n )(x) > 1 § 2| [2]([T])|. Tor^a BbinojraaeTca coot- 
HonieHHe 

(Vfc G N : fc ^ n) = 0, [®, ©] 

osHanaioinee cxo^hmoctb pa^a 

oo 

£/*(*)■ 

fc=0 

KpoMe Toro, ,a,Jia jiioGbix BemecTBeHHoro ancna e>0n HOMepa n£N BbinojraaiOTca ou,ghkh 



Q \fc = / fc = Q 



u(f k , e/16) 



n 



fc=0 

< e, 

03Hanaioiii;He HHTerpnpyeMOCTb cpyHKnnn / no PniviaHy |§ 2I3.3| . □ 



3.3. <PyHKyuH f : [0, 1] — > R U3 ymeepotcdenusi XSlh ne MGAsiemctt unmeepupyeMOU no JJap6y. 

,HoKa3aTejibCTBO. B cnynae HHTerpnpyeMOcra paccMaTpnBaeMon cpyHKnnn no 
,T[ap6y ^ojiaceH HanTncb |§ 2|ll.l| ajiropncpM, nepepaSaTbiBaiomnn KajK^oe HaTypajibHoe nnc- 
jio n b cnncoK Bn^a [2](jTJ) , OTBenaioinHe KOTopoiviy nojio>KHTejibHoe pannoHajibHoe hhcjio 
5 > n HeoTpnn;aTejibHaa nojinroHajibHaa cpyHKnna g yflOBJieTBopaiOT cooTHonieHnio 

(Vx, y G [0, 1] : supers), g(y)) < 1, \x - y\ < 5) \f(x) - f(y)\ < 2~ n ~\ 

Ilpn 3tom, oneBH^HO, Han^eTca TaKJKe HaTypajibHoe nncno m, fljia KOToporo 3HaneHne /i(m) 
6yn;eT aBJiaTbca HOMepoM paccMaTpHBaeivioro ajiropncpivia npn HyMepannn H3 nyHKTa [2l O/j;- 
HaKO Tor^a ^ojiJKHbi BbinojraaTbca cooTHonieHna 

g m (Cm + An) < 1, [© 

9m{Cm) < 1, [© 

I (Cm "I - -%7t) Cm | /^m 

< ^m, [® 

|/(Cm + /^m) - /(Cm) I = l/m(Cm + An) " fm((m)\ [®, © 

= | _ 2 - M (m)| p 

_ 2-^( m ) 

npoTHBopeaamne c^ejiaHHbiM npe^nojioaceHnaM o CBoiicTBax ajiropncpivia 2l M ( m ). □ 
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4. 3aMeTHM, hto npiiMGHHTejibHO k MHoroMepHOMy cjiynaio yTBepa^eHne 06 ocymecTBHMO- 
cth (pyHKiinn, HHTerpnpyeivibix no PniviaHy, ho He HHTerpnpyeivibix no ,Hap6y, MO>KeT 6biTb 
nojiyneHO b KanecTBe cjie^CTBna H3 pe3yjibTaTOB [8j o HeBepHOCTH TeopeMbi <J>y6nHH ,a,jia 
KOHCTpyKTHBHoro HHTerpajia PniviaHa. O^HaKO Taxoe ^OKa3aTejibCTBO TpeSyeT npHBjieneHna 
pa^,a ^onojiHHTejibHbix npe^CTaBjieHnn, nosTOMy Ha ero ,a,eTajiax mm 3^ecb He ocTaHaBjin- 
Baeivica. 
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